Abstract. Let D be a finite simple digraph with vertex set V (D) and arc set A(D). A twin signed Roman dominating function (TSRDF) on the digraph D is a function f :
Introduction
Let D be a finite simple directed graph with vertex set V (D) and arc set A(D) (briefly V Consult [10] for the notation and terminology which are not defined here.
A signed Roman dominating function (abbreviated SRDF) on D is defined as a function
f (x) ≥ 1 for each vertex v ∈ V and (ii) every vertex u for which f (u) = −1 has an in-neighbor v for which f (v) = 2. The weight of an SRDF
A signed Roman dominating function f : V −→ {−1, 1, 2} can be represented by the ordered
and
] be the subdigraph induced by the set V i and let D i have size
The signed Roman domination number of a digraph was introduced by Sheikholeslami and Volkmann in [8] and has been studied in [9] .
A signed Roman dominating function of D is called a twin signed Roman dominating function (briefly TSRDF) if it also is a signed Roman dominating function of
1 for every v ∈ V and every vertex u for which f (u) = −1 has an out-neighbor v for which 
In this paper, we initiate the study of the twin signed Roman domination number and establish some sharp lower bounds on twin signed Roman domination number of digraphs.
We make use of the following results in this paper. 
If there is a second vertex z = w with f (z) = 2, then we deduce that
So assume that there is a second vertex u = v with f (u) = −1. Then w is an in-neighbor as well as an out-neighbor of u and v. Consequently, there exists an in-neighbor z 1 and an out-neighbor z 2 (z 1 = z 2 is possible) such that f (z 1 ) = f (z 2 ) = 1. This leads to γ * sR (D) ≥ 3 − (n − 2) = 5 − n, and the proof is complete.
Special families of digraphs
In this section we determine the twin signed Roman domination number of some classes of digraphs, including directed paths, directed cycles, acyclic tournaments and circulant tournaments.
Proposition 5. If P n is a directed path of order n
We proceed by induction on n.
, then as above we can see that γ * sR (P 4 ) ≥ 4. Let n ≥ 5, and let the statement be true for any directed path of order less than n. If f (v n−1 ) ≥ 1, then clearly the function f , restricted to P n − v n is a TSRDF and it follows from the induction hypothesis that γ *
and clearly the function f , restricted to P n − {v n , v n−1 } is a TSRDF and it follows from the induction hypothesis that γ *
It is easy to see that g is a TSRDF of P n of weight ⌊ n 2 ⌋+2 and so γ *
⌋+2.
This completes the proof.
The proof of next result can be found in [8] .
Proposition A. Let C n be a directed cycle of order n ≥ 2. Then γ sR (C n ) = n/2 when n is even and γ sR (C n ) = (n + 3)/2 when n is odd.
Proof. By (1.1) and Proposition A, we have
if n is even
, but not both. Here we determine the exact value of the twin signed Roman domination number for particular types of tournaments.
The acyclic tournament AT (n) of order n has the vertex set V (AT (n)) = {u 1 , u 2 , . . . , u n }. An arc goes from u i into u j if and only if i < j .
Let n be an odd positive integer such that n = 2r + 1 with a positive integer r . We define the circulant tournament CT(n) with n vertices as follows. The vertex set of CT(n) is V (CT(n)) = {u 0 , u 1 , . . . , u n−1 }. For each i , the arcs are going from u i to the vertices u i +1 , u i +2 , . . ., u i +r , where the indices are taken modulo n.
for 1 ≤ i ≤ (n − 2)/2 and f (x) = 1 otherwise. It is easy to see that f is a TSRDF on AT (n) of weight 4 which implies that γ * sR (AT(n)) ≤ 4. To prove γ * sR (AT(n)) ≥ 4, let g be a γ * sR (AT(n))-function. If V −1 = , then the result is immediate. Suppose that
as desired. Henceforth, g (u i ) ≤ 1 for each 2 ≤ i ≤ n − 1 and g (u 1 ) = g (u n ) = 2. We claim that 
Bounds
In this section we establish some lower sharp bounds on the twin signed Roman domination number in terms of order and size of a digraph.
Theorem 9. If D is a digraph of order n ≥ 2, then
Furthermore, this bound is sharp.
n − n for n ≥ 2. Hence we may assume that V −1 = . Since each vertex of V −1 has at least one inneighbor and one out-neighbor in V 2 , it follows from the Pigeonhole Principle that we have
, and so 2n 2 2 + n 1 n 2 − n −1 − n 2 ≥ 0. It follows from Observation 1 (part (a)) that 2n 2 2 + n 1 n 2 + n 1 − n ≥ 0. Since n 2 ≥ 1 and n 1 is an non-negative integer, 
. Next we establish some sharp bounds on the twin signed Roman domination numbers of oriented graphs.
Theorem 10. If D is an oriented graph of order n
Hence, we may assume that V −1 = . Since each vertex in V −1 has at least one in-neighbor and one out-neighbor in V 2 , it follows from the Pigeonhole Principle that for at least one vertex v ∈ V 2 the sum of its in-neighbors and its out-neighbors is at least
, and so 2n 2 2 +n 1 n 2 −2n −1 ≥ 0. It follows from Observation 1 (part (a)) that 4n 2 2 + 2n 1 n 2 + 4n 2 + 4n 1 − 4n ≥ 0. Since n 2 ≥ 1 and n 1 is an non-negative integer,
To prove the sharpness, let k be an odd integer and K k a complete graph. Assume that where v n+1 = v 1 . Clearly, G k has k + k 2 vertices. Suppose that H k is an orientation of G k so that: Then the function f : 
Hence,
and so
as desired. If n 1 = 0, then I = m −1 ≥ 0. Henceforth, we may assume that
(v) = 0, then since there is no isolated vertex in G, we deduce that every in-neighbor and out-neighbor of v belongs to
Therefore,
and the proof is complete. Proposition 5 shows that Corollary 12 and therefore Theorem 11 is sharp for odd n.
Twin Signed Roman domination in oriented graphs
Let G be the complete bipartite graph K Corresponding concepts have been defined and studied for orientable domination (out-domination) [7] , twin signed total domination [4] and twin domination number [6] .
In this section, we determine the orientable twin signed Roman domination number of complete bipartite graphs and complete graphs. Let m ≤ n and K m,n be the bipartite graph with bipartite sets X = {u 1 
